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o HRPRSHEXIE AT A2k

XI|_>rT)1(0 f(x)1 —— )(ILn?(O If(x)| =

lim f(x)

X—Xo

Er-@(FERX)



EELE AR PR

o RERFRANSE

an lima,
o —
bn lim b,

o ELIRIRIR

an f(an)
L — —
lim ap, lim f(an)

Er-@(FERX)



1t
Bl
&
S

X0, Y0, S € [—00, +0]

g?’fyoﬁéi
. mg{‘ﬁﬁy:f(ﬂ .
s lim g(f(x == lim
X—Xo 9(f(x)) x=Xo=>y-Yo=9(y)—g(Yo) Y2V 9y

Er-@(FERX)



X (8] L LR

def

feCla,b] &= feC(a,b),fEamBiEL, fEbB IiELL.

Er-@(FERX)



$5R = 8] 7 EE 4L 0K 3

o fRIEX=#0, tc2X. MRTIHKE:

o X,e1 (aeN)=—m— U X, €7
ael

4] X1,X2€T:>X1HX2€T

TFR(x, 7)$RFM=0E], TR T RFRAXFRIFFER.

=
IS A

oo

()1 +%):(0,1]

n=1

Er-@(FERX)



o Bi%(X,7) 2¥Rib=E, f: X —R.

fiEE ——  FAENEGEEFAE

(BWVG c RFF ——= " '(G) e 1)

e XcR, XHEEHRIFEEHHEI

e {A nX: A%REPE’H%}

Er-@(FERX)



o EEEAXcCR:

fe () XEOFE=RFFE X

FENRGRITE.

Er-@(FERX)



(i

fe C(R), AHARY, EHE—— LB/ ERL. J

Er-@(FERX)



JERR: Ty = inf{fEYEHR) —— T, >0

feC(R)

Vx e R, f(x+ Tp) lim_ f(s)

s—x+Tp

=220 im f(x + Tp) = f(x)
T, =fFEH M

Er-@(FERX)



RiEsk: To=0 ———u (fREH) c (0, +oo)HEE
——— Vxe(0,+c), IFHAT, - x:
f(x) = lim f(s) = lim f(T,) = f(0)

S—X

=] BA oF %
f”':m& f(x) =f(0) V¥xeR

Er-@(FERX)



(x%)HERR: TN, 757E(a — 0. a + &), ZX AT H B,
I Tl<y  (XRENT, - To=0)

BE(a-e.a+ a)KE=2q, ®EB T, NEHER, L2BMIE
HAL,FE.

Er-@(FERX)



(i

X—00

lim (f(x) —g(x)) =0, f.gRAMEH ——=1=g J

Er-@(FERX)



1o (%)

IEBA: 0 === lim (f(x +nTy) - g(x + nTy))
— f(x)- Jlim. 9(x+ nT; + nTy)
EIE 0 9(x) - lim f(x + nT; + nTy).
AR,

Er-@(FERX)



(i

[x] sin(zx) € C(R). ]

Er-@(FERX)



WERR: VxeR =———= xe[nn+1), n:=[x]
&=

== f(x) =nsin(zx), VY xe€[nn+1)&ELE

f(n™) =f(n") = f(n) = 0.

Er-@(FERX)



§8 RIRITHE

1°BUHRIR - uveCR)., lm u(x)=1, lim v(x)=oco
_— lim u(x)"™) exp( lim (u(x) - 1)v(x))
X—Xo X—>Xo¥...........\,_.]........._/
0-00§|;

Er-@(FERX)



;
Eﬁ:;@fm(mn—nwmmu+wuy4»w@—1 — AR

]
lim (1 4 (u(x) — 1))ulx) =1 224001 im (1 Ly —e.
X—Xp y—
WA
S SR
Eﬁ:ﬂmu+ww—nww%1 _=ar

Er-@(FERX)



151 2

&

X _ A 0
im 2 =2 Ina J
x—0 X




In(1
yi=a'-1 —— x:—( Y
Ina
\ . ylna
— A=Ilm———=1Ina
&l =l S

Er-@(FERX)



151 2

&

1
. (af+-+ap\ a0
lim|—— —— Va1 ---ap
x—0 n

Er-@(FERX)



4 (af—1)+~~+(a;§—1)

G = e Er = 1)) @ —D+-+@F-1) n

n
x—0 n

L = lim (1+

_ e%(ln ai+-Inap)




151 2

&

x 1
aj +---+ay\x a0
o\ | = max{ai, -, an}




Er-@(FERX)



151 2

&

Er-@(FERX)



TifiRa /. Dby = al N

X ... X x
lim Gt tap ) y=-x lim 1
X——00 n y—o00 y i
(b1 Aot )y
n

1 .
b_1 = ai; = min{ay, -, an}.




151

&

max{a19 ,an}, Egik{a, X = 400
ar+---+a - 1s
- AP, x=1
1
X X\ x
(u) ={{ai--ap, JUAIEY, x=0
n

WAFEL, x = -1

min{as, -+ , an}, BIME,  x=-o

Er-@(FERX)



FiEgEEN  HE

Eie: Aorigx > 0, Pimikx > 1. REIERR

x>1:>f(x)>f()

HEEASR B Fg(x) = x = FI#*%& A3, Heha > 1, x € (0, 4-o0):



sl

FA12)R ol [2.8] 3, 4

[2.3] @@ 2

Er-@(FERX)



BESAT), T1RIE

Fr (P ERX)

2023-10-13

Er-@(FERX)



RRREEZRNR

€e-01BS

Er-@(FERX)



A— N XIE)ESE

I = 3ER{LIX[E], #IA(a,b),[a, b].R

feC(l) &= V¥xpel, ¥ >0, 36=46(e x0) >0,

L xel, |x—xl| <8, |f(x) - f(xo)l < e.

Er-@(FERX)



did: E—REL

° HA—RALES

)(ILn?(O f(x) = f(xo)

e e-61BF

f(Xo).

fl(Xo —0,X0 +5)ﬂl

o €
—N—

—_——
B EAE% BE
~——
TEHEII RHIER

Er-@(FERX)



Eid: EX[EEL

o FRFIRZK, HOXIE:

eRE, WAERIX, ORIREARIE]:

0= 5(6, Xo)
— B | E— B

f(xo)

f(x0) | flixo-6(ex0) x0+8(ex0))N

fl(xo=5(e) xo+5(€))n1

Er-@(FERX)



#H
i

1e:

PRS
/.

R

N1

| -k

#

N1

—HE

. ENBRE —— —HEE

=&




RiIZXE, f: 1 —R.

fEEIE—BEE ——— V e>0, 36=0(e) >0,V xp €/,

Hxel, |x—xl<B, BIf(x) - f(xo)l < e

Er-@(FERX)



—BUELER B T

sin x{ER_E—HELE. ]

Er-@(FERX)



. . . X=X X + X
JERR: | sin x — sin x| = 2| sin %I cos 0

< |x—
5 2le Xol

VG € (07 1 )’ /\ﬁﬁ/\é = €




—HBUEERERFIAE

rigm TEER . e J
Lipschitz

f Lipschitz == IM > 0: |f(x) = f(y)| < Mix —yl, Vx.y €.

. f:l—R
f Holder &——= Ja € (0,1),AM > 0: [f(x)-f(y)| < M|x—y|*,¥x,y € I.

Er-@(FERX)



—BE L CauchyH Bl AN

fEIE—BESE ——— V e>0, 36=06(e),Y X, x" €,

L X - x| < 5B, BIf(x') - f(x")| < e

Er-@(FERX)



/
lim (Xn = ¥n) S Yn €l 0
I E—BUES: .
= im (f(xn) = f(yn)) =0

Er-@(FERX)



FE—BUELLRY HEL B T

(0, o) EAE—BEL

ElEe, X » 0F ——= 6 - 07, FEF NS

. Xn =
lim (X, — yn)

n—.oo
Yn =

5=

0,

lim (F(xn) = f(yn)) = ~1

n

+

1

Er-@(FERX)



—HEL Cauchy#IA/EN B —RRF R

fEIE—8EE —— Y €>0, 356 =6(€) > 0,s.t.

sup |f(x") —f(x")| <e.
|x’ —x""|<6
x’ x" el

Eie:

sup |f(x") - f(x")| < e —= fl(xo-6.x0+0)01
X =x""|<8 Vxo€l
x’ x"el

f(Xo).

Er-@(FERX)



f:I-R
fEI E—BuEsS: = |II’Q sup |f(x") = f(x")| = 0.
0— X’ —x""|<6
x' x"el

BIRR: f(x) =1 7E (0,4c0) LIE—BUELL

lim sup [f(x")—f(x") >1 Bo=1x=1x"=-"1)
(5—)0+ |X’ X”|<§
X' x"el

Er-@(FERX)



fEXEILEE—HEE —— T ¢>0, ¥56>0,Ix,x" €,

X' —x"| <6 1BIf(x") - f(x")| > e.

Er-@(FERX)



A1 X 8] — B % 4%

f € Cla, b] &= f#EX[8][a, b] L —BUZELE.

R=RKR=HFaE s

Er-@(FERX)



B S ik

Er-@(FERX)



A1 X [8] — % £ (JEFR)

f e Cla, b] VY e>0, VYxelab], 36cx>0:
sup If(x") = f(x")l < €
X' X" €(X=6ex,X+bex)N[a,b]
: Oex Oex B\ 4% .
————— I_:(X—7 —"——)ﬂ[ab],\ <> -
sup If(y") = f(y")l <€
y'el=(x-2 x+‘552"v)m[a b]
y E(yl 552)( y/+OeX)
= & s Sex
el [a,b] c ) (x - =2, x £
k=1 2 2
HY6, = mm{ X Exko}
sup If(y") —f(y")l <€

y"e(y'=0ey'+6c)n[a.b]

Er-@(FERX)



7] X [8) — B0 % 45 (4E)
5—ERR:

Ri%f € Cla, b|1B7E[a, b] LIE—BUEEL:
]
_ de >0, VY neN, ds,,tp€a,b]: |sn—tn|<ﬁ

1BEIf(sn) - f(t) = e

—  IHi&ksk, — s, &k, —S,  sela,b]
feCla,b]
— 0« |f(Skn) — f(tkn)| >e FE

Er-@(FERX)



BIRX ) _E—BUES=F] X 8] iE L4

#%(a, b) = BRXIE, N
fEEARKXIE (a, b) L—BiESE: ——— FHEHIEH € Cla, b]

Er-@(FERX)



DB EUERR:

ERIET, FIACauchy &N, f(a®), f(b™)FLE

Fe C[a,b], Fl(a,b) =f

Er-@(FERX)



TePRIX 8] E—HEL:

fAER DELS, Hin R LR RFAE —— (ER E—HEL

RZAREAZ, R sinx

Er-@(FERX)



f e Cla, +), f(+00)FEABR —— ffE[a, +oo)—BUELE

Er-@(FERX)



Jo PR X 8] _E—E % 45 (4
WERR:

f(+oo)FERBIR — V e>0, AM>a: sup [f(X')-f(x") <e

X’,X”?M

feCla,+0) = 361 >0: sup |f(x)-f(x")<e
X" —x""|<64
x' x"" e[a,M+2]

B = min(61,1):
(1) x ela,M+1] = x',x” € [a,M + 2].

() x e[M+1,00) == x',x" € [M, ).

ZEFRR sup |f(X)-f(x") <e

X’ =x"|<8

Er-@(FERX)



E X EEEMEIB—HBELEFN

fe C(l) —= I LB —HZEEL J

Fid: BEMEEAXEA.

Er-@(FERX)



—BUEL PR

f7E(a, b], [b, ¢)—B% L ——— f7E(a, c)— B4 J

Er@(FERX)



WERR: R RITE = XEE B2 6

at+b b+c

@bl o). [F52257)

Er-@(FERX)



—HESARRCE THMES

f ofla, +oo) EAR BB —— (0% [a, o0) —BUEL |

Er@(FERX)



°o ABAFMFHATE.

o —HESARNEETIRE:

B x,sinxZERE—BUELL, xsinxZEREIF—BUELL.

Bx, =2nr, x/ =2nm+

1
o

Er-@(FERX)



IERR: FIA=ATF.

If(x)g(x") = f(x")g(x" ) = 1f(x")(g(x") = g(x")) + g(x")(F(x") = f(x"))l

N

M(lg(x") = g(x")I + If(x") = f(x")])

< 2Me (X' —x"|<9)

Er-@(FERX)



e RAME R F B 730

REZFESEIF-BUEZERY, L EZIFBHRARYK ]

FIERAE B HATE.

Er-@(FERX)



MERR: RIE. &f: R — REUTHEHRES R,
N|f e C[-2T,2T|1E[-2T, 2T|—BIELL.

Ye>0,36€(0,T):
X" —x"| <6, x',x" € [-2T,2T]| = |f(x") — f(x"")| < €
ESflid

X' —x"| <98, VYx,x"eR

AkezZ
S W _KT€e[0,T), x"—kTe[-2T,2T]

—  |f(X) = f(X")| = If(xX —KT) = f(x" —KkT)| < €

Er-@(FERX)



(i

sin? x + sin(x?) JE /A HA
— —
—H %

Bx, = Vanr, x; = \2n7+3%.

Er-@(FERX)



sl

FE13x M0l [2.9] 1

Er-@(FERX)



BESAT), T14RR

Fr (P ERX)

2023-10-16

Er-@(FERX)



RRREEZRNR

o HAXEZELEE (§10)

o ¥iE

{}Eﬁ-

LR (811)

Er-@(FERX)



EELESRBUER.

f € Cla,b] =—— ffE[a, b|EH.

Er-@(FERX)



IERE:  BIEEIESR, RE5IRS € C(R).

— [a,b]cC U (X — x> X + 0x)
xe[a,b]

BIR)

f|(x—6x,x+6x) ;ﬁﬁ

Er-@(FERX)



R{EEHE

ZE LEESR e NB XN EMR/ME.

f € Cla,b] ——= f7E[a, b] Lk EI S KBRS /MME.

Er-@(FERX)



HERA: M := sup f(x) < +oo.

x€[a,b]

= 3d{x,} c[a,b]: nI|_r>rolo f(xn) =M

EUF5lx, — & € [a, b]

f(£) = lim f(x,) = M

n—oo

Er-@(FERX)



TlEEIE

ZEa, b] LELERY, FHEAFFS, WENBEEER.

fe Cla,b], f(a)f(b)<0—=——= 3¢€c(a,b): f(¢&)=0.

Er-@(FERX)



o JUTENX: NSEHM T A FME| L7, L2 SCH(RTTH)

Er-@(FERX)



o =E&H: HXE. EE 7S,

Er-@(FERX)



° A RERSMER BI-FHXEE, FERH—LL.

a ZEE mn e

Er-@(FERX)



TIEEIERVIERA

—EFHXEE:

[a,b] > [ar, b1] 5 - > [ [an, bo] = &)
n=1
REHi&  f(an)f(by) <0, VneN, a,b,— &cla,b]

— (¢ <0.

Er-@(FERX)



MMEEE

fe Cla,b], yftFf(a)5f(b)zIia

=——= dcela,b]: f(c)=y.

Er-@(FERX)



MERR: B y € (f(a), f(b)).

XFF(x) := f(x) - yFIRZEEEITRRNA.

Er-@(FERX)



EIEE

feCla,p] =——= fla,b]= [ngairL] f(x), x?[z?,)é] f(x)]

Er-@(FERX)



MERA: BX x.,x* € [a,b] :

= mi =: f(x*) = f(x) =M
f(x:) Xg{l;g}f(x) m, f(x") xrgiﬁ] (x)

Ngx. < x*

MMEEIE

M [m,M] > fla,b] > f[x., x| [m, M]

Er-@(FERX)



EEL R BIR S 1

EERHIRS: it ERETFiRiEEER, HEBSHER.

EELL R BRI AETE.

Er-@(FERX)



HER2YS

ESRHIRER, (RIER

BAAXEEESRY  m on E. 4@ EEEESE

Er-@(FERX)



o _ERBRAITHRBRIRAFI4:

f(x) <g(x)  Vxe(xo—6 X+ 9)

——  lim f(x) < lim g(x), lim f(x) < lim g(x).
XTXO X—Xo X—Xo X—Xo

Er-@(FERX)



Hx, — Xo : nll_rEo f(xn) = Xll_)rr)(0 f(x)

BFFlxi, . lim g(x,,) IEIRILTES).

i, 906) > Jim, g(0a) > Jim, 1) = Jig, 1(x)

Er-@(FERX)



EFELR e - 6%iE

Xﬁ f(x) < f(x)) == VYe>0, I5>0, H|x— x| < 5B,
—Xo

f(x) < f(x0) + €

lim f(x) > f(xo) == Ve>0, 3I6>0, H|x — x| <,
X—Xo

f(x) > f(x0) — €

Er-@(FERX)



IERR: oM Ve>0, lim f(x) < f(xo) + e

X—Xo

AY N ~, 1 1
EM: RIEE: Jde >0, Y neN, Ax, € (xg — %0 + H)

1ET~EEf(Xn) > f(Xo) + e

—  Hlx, — Xo, nll_rggo f(xk,)A > f(xo0) + &

—_— lim f(X)}f(Xo)—l-Eo.
X—Xo

Er-@(FERX)



(i

AR LR M Z I B SLHUR.

Er-@(FERX)



WESE1: p(x) = X2+ ayx®" + -+ + azpy1 € C(R)
== lim p(x) = +oo

X—+00

—  d[e,B] R, p(a) <0, p(B) >0

—— Jefopl, p¢=0

IER2: SRR BRI AR L.

o ENMAENMHIETS:  CERTEE

Er-@(FERX)



151

&

f,g e C[0,+), f>0

lim g(f(x)) = 4o

X—00

_ lim f(x) = +oo

X—00

Er-@(FERX)



MERR: RIEMA:  AMo > 0, J{xp): xp > n, {Bf(x,) € [0, Mo]
4 K:= max g(x)

x€[0,Mo]

—— xp> 0. {Bg(f(xn)) < K. 5 lim g(f(x) = +oo /B

Er-@(FERX)



151

&

f € C[0, +), neN

2(x) < 2x"f(277x), Vx € [0, +o0)

Er-@(FERX)



iERR: BSR1(0) =0, f(x)>0.
REGER F(x) <O0. Heh  F(x):= f(x) — x".
RiE%k: BFHEM>0, st F(M)>0.

Hlxo € [0, M]: F(x0) = Xrergoeb)\(/’] F(x)

_1 1
———\ (F(XO) + Xg)2 < 2Xg(F(2 nxo) + E 67)

——— F(x0) < F(27 7 x0) Sxo B BT /&

Er-@(FERX)



151

&

f e C[0,+0) BA,

_ YAeR, Ixy —» +o0: n"m (F(A+xn) = f(xn)) =0

Er-@(FERX)



WERH: R ZIEFR

1
YAeR, VYneN, Ax, > n: |f(/l+xn)—f(xn)|<E.

Er-@(FERX)



RIE%: FEdo €R, dmeN, Vx3>no:  [f(dg+ X) - f(x)| > .

= Aog#0

L ORI+ x) - F(x) > nlo

Sx=np, ,No+(m—-1)Ap

LE

m
f(m/lo+n0)—f(no) > n— — 00 (m—> OO)
0

lim f(mdg + no) = +o SIERFIE

m—oo

Er-@(FERX)



151

&

n
Z ag sin kx

k=1

<|SinX|, VXE(—'I,'I)::}

akR, Bex — 0.

Er@(FERX)



(i

n—oo  k>oo

HE lim { lim {cos(nn!x)}Zk} J

Er-@(FERX)



sl

F14R Ml [2.10] 5, 7, 9, 11.

Er-@(FERX)



BESAT), T15RIE

Fr (P ERX)

2023-10-18

Er-@(FERX)



REAR R

=201 (Ch3) 8
BTENIF
SHHNA(Taylor)  (Ch4) 43

M5
TERH (Ch5) 4i#
BRERANFE I ERS (Ch6) 10
MO A (Ch7) 5

Er-@(FERX)



TR 534 v 1t (2]

o MMM R—XMNEHREZEHE, EMRINEEFE.

o FHMMAIMIFEDMRIAE, HALZFM.

o SN ZHMIRIRE LM —TZHE, SHREFHIRR,
RO ZAAIRIR.

o SMMEEMAETSHRLENER, BHAZHMHEFHN&EE
BEFR AONERMAETRYZERAENTE BEH
TURFR S AT AL IRAE A HT.

o WMIR=FH=SEUNERFI Y. IR, S, FRoRAIZEMN.



RRREEZRNR

o FHHIENX

o EARKIHAIHEEN

Er-@(FERX)



ELL | ERTHE | CO | BEEE | TaylorRFEIT RN
s | E §5C" | LEHN | TaylorBFFE|1)XIN

f(x) = f(x0) + o(1) (x = xo)

f(x) = f(x0) + f'(X0)(x = X0) + 0(Xx = X0)  (x = Xo)

Er-@(FERX)



BRIZf : (xo — 6, x0 + ) — R.

f(x) — f(xo)
X — Xo

RIS AR < [im — 1) HEAR. |

Er-@(FERX)



Er-@(FERX)



a%E

A
FHTUE
BT L

(R TR RAFER)

Xo— Xo+h

f(Xo) — f(XO aF h)

f(xo + h) — f(xo0)

n \ﬁkk

e (HEH)
. f(Xo + h) = f(Xo) =

Am (Xo + h) — X0 (*&BELE)

Er-@(FERX)



SRR =

gy BIRRR gﬂWE  EHBR

Er-@(FERX)



PIM

3

YIEZE h

HZ 2y = f(x)

o BTEMRANTRZE

PI&FIZ y = f(x0) + F(x0)h

%(Xo, h)%gﬁj]

Er-@(FERX)



A2k bR #ie Y1tk b4 IRIR

o HRELFILER: FEZLEE(x0.h).

P RIRETRIR (BILZLBIRIR), SHILEH Y.

o LAY FR: MIT AT .

TERBRf(X0), F'(x0)BF, BHZAIZT AR, ATLLERE.

Er-@(FERX)



o HREZLFNYI LA —HYE R LAY —HELTHE M

Itk =4 Maxwell 5#24H, Yang-MillsTEig.

o FHRIEE T BMIRTHIF
FHB R AR ERIRHER
MO HRI APTESLIH.

Er-@(FERX)



FHRBAR

Y AWiT} f A ANiT]
Xidl[x, X + hjim ———= Xi#E[f(xo). f(xo + h)] W=
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Taylor&F+

Er-@(FERX)



T Lagrange R I AY Taylor R 7+

o FEMBEM(BHE S E+CauchyPEEE):

f(x)—f(t) fe Cla,b], A

x—t xEE, tT 8

F'(£)

Lagrange &1
—_——
f(xo) + f'(£)(x = xo)
Taylor& F

Er-@(FERX)



T Lagrange R I AY Taylor R 7+

o —MMBER(BEHE S E+Cauchyh{EEE):

f(x) = £(t) - F(t)(x = t)  fe C'[a.b], AEH TS

f//
2r(x -2 <BE, (58 )
Lagrange R 15
f(£)
f(x) f(xo0) + f'(x0)(x — Xo0) + T(X - xo)2 )
Taylorf& FF

Er-@(FERX)



R TaylorZIMzCVRERBMER: 8. M. RE

() =290 f0) 4+ F(x0) (X = X0) + (X — Xo0)

f(x) =2 )+ F(x0) (X = Xo) + @(X —x0)2 + o((x - x0)2)
fx) —— f(x0) + F(E)(x = Xo)

fx) === f(x0)+F(x0)(x - %0) + f':?! (X — x0)2.

Er-@(FERX)



Peano &InFlLagrange RINELER

AT AR EFHORIER,

Peano &I

LR AN

o(x — xp)

R 188

Lagrange &I | F(£)(x —xo) | B3
Peano &1l o((x = x0)?) PR
Lagrange &I% f”2(|§) (x = x0)? | &

Er-@(FERX)



B JLTE S

BIFEN —— BETEEMET, kT

Er-@(FERX)



BiFSHIE

f € Cla,b], HERAI S, M

o ff[a,b] /== fl(ap) >0

o f 7 [a,b]7 —= f|(ap) > 0. FEREMFAXENEAE.

feCla,b]

Plany >0 ——= f#E[abl7,  RZFMIL((x) = ).

Er-@(FERX)



B85 B %) E §YERA

o WEM: SHEEMIRR. FoM: Lagrange HEFEIE.
o WEM: RiFZE:
BigrEEFXEIERE, NEEFXEIEREE.

TN RIEE:
FRigfRIFEMEEN 2 &EaiFEmM, N
Axy < X2 : f(x1) = f(x2)

T EIAEM, 8E(xq, ) AR SRILTE.



7= 1 B B R 2

Lagrange

f € Cla, b], >0 ——— ffE[a,b]#

ey

RZFR:  (BIFA(x) =20

Er-@(FERX)



FRAERN RN, FRHE=ARKT T ™18 21

Lagrange

feCla.bl, BERMIS >0 ==L f7E[a, bl

WERR: AT ARG A PRANX (8], AN X 8= 18 2 1.

Er-@(FERX)



2 . Fis
7—rx<smx<x, Vxe(O,E). J
SERR: f(x) = Si%\ —— 15 < 1) < f(0), ¥xe(0,5)

Er-@(FERX)



FHERSHEMEBRIRSEXRR

f e Cla,b], HEREI S, W

f>0, f(a)=0
f'>0:
f<0, f(b)=0

Er-@(FERX)



(i

>0 on R —— & J

IERR:  HXf(a) # 0, ER{EamAIZiEL:

(f(x) - f(a) - F'(a)(x — a))’ < 0 == f(x) - f(a) - F(a)(x —a) > 0

22 PR, RIS 5. ERP (a) £ 0, MR



RIE

B G
RIES

FHES AL &

Er-@(FERX)



RIS B FAB 1% BT

RBE—SMS(SH > 0, BURE) =» (BRM)2FM%

Er-@(FERX)



RIS B FAB 1% BT

o HEWE—RTH>0» 2K

f(x) = x + 2x®sin % f'(0) =1
f(x) — xfirF+2x?, #Ex = OABEHLZLY = xBTS
o FREMES> BMBIFMH
o IERABERY, LIx = 01R/ME.
(x) = x| + x sin % f’(%) — 1= (<1)"nr
o IEFARH, UTFIxCEXPZIE, Kx = 0AR/ME.
f(x) = x2(2 + sin :—()

Er-@(FERX)



WIETE 7 51

f'(x0) =0, f"(x0) > 0 =——= xo=&fF &R NMER J

Er-@(FERX)



WIETE 7 51

° SHTS:

F(x0) = 0, 1" (x0) > 0 ——= FHIEXAES, RBHIFA(x) =

o EHEWSHBGITFERSHR

fl/ XO)

F(x) =0, f"(x0) > 0 == f(x) = f(x0)+—;

(x=x0)2+0((x=X0)?).

3R (R ERIA)



RIE

HEER: B, ' (x0) < 0 ——= xR IRKESR

Er-@(FERX)



RAEMEH/ME

8% f e Cla,b], A = {IZI‘Eﬂﬁﬁ“ﬁ,ﬁ, 5, xﬁr%} SHRES, N

max f(x f(x).
xe[a,b] ( ) TSAX (X)

Er-@(FERX)



R ANERFIANE

fRi% f € Cla, b], xo=fTEAEB (a,b) LHE—HRES, N

Er-@(FERX)



RiEZ%: BRioERAER FTRERAER (B—HHEEMN).

ScRf1E [a,b] ERAES, Wxo # c. TWi&x < c.

o [FA: [xo, clim R A B ITE X0, c] B /IMER
== 7E [0, ¢] ER/IMERTE(x0, €)ILE], SRELME—TE.
o B2 [xo, climmZ——ITE X0, C]BR/IME

— (ERRXEAEY, SWMESME—TFE.

Er-@(FERX)



151

&

1 e, Ha>3, x>0
fx) = (1+ Ly
e, HBa<i, x>1

Er-@(FERX)



MEKRSE:  BERBFEM

Jroy _ 1 X+«
f'(x) = f(x)u(x), u(x)_ln(1+x) x(x+1)_)0 (x = +o0).
>0, Ha>L, x>0
, (2a - 1)x +a =l
UX) = —5—"———
x2(1+ x)? , ] Y
<0, Ha < 3, e L
U(+c0)=0
us > u<0 > f <0 > N

Er-@(FERX)



B /N3 E (Legendre): TR-FIRZERIF 7 F1 A8 /)N

HARTEL
o o | LA
o A X1, X2, > Xn. 1 RN

GRE:
o R/NFFHE SHARIRENTHMEEIME

St KIRBME 3 e b

n

SEiT: EAMBET 2L2S0H, EYE FRREE.



sl

F18R ol : [3.5] 2(18), 3(18), 5, 7, 15

Er-@(FERX)



BESAL), T1ORIE

Fr (P ERX)

2023-10-30

Er-@(FERX)



RRREEZRNR

o MR

Er-@(FERX)



[REE

o (A=

R : Q —— #MFERY : ZWR

o EFREMARMY T VIFERHHIZREIL.

o FIA—REZMAREBEVNFRE, RELFIE.

o FMAZREZMANRBEMFRY, RECMIE.

Er-@(FERX)



[REE

o WFZEMIARNENTERMIE.

o WEMMLHETIZIMEMRILME.

Er-@(FERX)



1 eR 2y 1 R 51

f)=x*  (F4&0) )
) =Xl (@) )

Er-@(FERX)



IR B SAEHE . JRIFAN

n=1|n>1
MR =0 | FERRBAf =
HER B > 0 | XAFIEREASf >0

sk bs X

RIFFN T (BB IEIL)

Er-@(FERX)



o MEAH: f:1—R, [XHEICR.

flh —— fEFLFLTO

—— ZEl&Eh%k i

——= f((1-t)x1 +tx2) < (1-=1t)f(x1) + tf(x2)
Vxi,x2€l, x1#x, VYte(0,1)

0 fEtgMe—— “< .

0 fMe -,

Er-@(FERX)



L1 = = FIAIE

f: 1 RM

— VX1 <Xo < X3, Xjel:

f(Xg) - f(X1) < f(X3) - f(X1) < f(X3) - f(X2)
X2 — X4 X3 — Xq X3 — Xo

(FEIRB & DEEAER).

(FEge—— “<")

Er-@(FERX)



= RAEJLTE X

o =mElZ%zlE R BN

Py, Py, Pl ABKR BN ——— BIEFIEkp p, < kp,p, < kryp,

Er-@(FERX)



o ZRIZZEM=AAFAEEFNT=ALERIEA:

1
0 < 2Sappp,BEER=| x
f(x1)
_ Xo — X4 X3 — X1
B f(xe) — f(x1) f(x3) —f(x1)
_ X1 — X X3 — Xo
N f(X1) - f(XZ) f(X3) = f(XQ)
_ X1 — X3 X2 — X3
- f(x1) = f(x3) f(x2) - f(x3)

Er-@(FERX)

1 1
X2 X3
f(x2) f(xs)




f X1 <Xe<xz: Xo=(1-1t)xy+1tx3:

f(x2) < (1 = )f(x1) + tf(x3)

X3 — X2

Xo — X
f(x1) + 2=—"1f(xs)
X3 —

Er-@(FERX)



P = F U BE

f:1— R

——— IEVYlm:s<t<u<v:

f(t) = f(s) _ f(v) - f(u)

t-s = v-u

(A — " <)

Er-@(FERX)



1R A R A B[R IE

FEELRYENSBAEREAE

f:1— RO, FARNBIRAE — fAEE

Er-@(FERX)



IBE— BITEREREYH NeEXNERERRLRRFSEUNL.

R SR G R REEMFE.

Er-@(FERX)



WA= Bi%xo € (a,b)2f(x)1E[a, b] IR KE=.

£8c, d] : Xo € (¢,d) c [c,d] c (a,b)

d—Xo
d-c

— xpo=1tc+(1-1t)d, i € (0,1).
——  M=f(xo) =f((1-t)c+1td)

<(1-t)f(c)+tf(d)<(1-t) M+tM=M

Er-@(FERX)



o HEH  f(x)= lim f(xziigx‘)).
f(x) — f(xo)

e EBH  f(x)= lim —— L

X=Xy X — Xo

o SHWAMR  f(x+)= lim f(x).

e
X—)X0

o SEHAEMIR  f(x-)= Xlirg_ f'(x).

Er-@(FERX)



IR F A

f:(a,b) — R

gt g s
IEEF R Vxo € (a,b),de € R, ¥ x € (a,b) \ {Xo} :

f(x) > f(x0) + a(x — xo)

UUAEN: BT (xo, f(x0) RO TETE S HE2E)

GER:  PHEe— " >")

Er-@(FERX)



X2 Al AR RIERA

M =R 5E G R R R 2R SR8 N, HARFR I 2GS H EARIREFESBIR,

ER¥<AIW

Va € [f (o), f\(x0)]

SEARNE (X)) _ e MO 65 Vx<x<u
= X=X U-X i

e f(x) = f(x0) + a(x — Xo), Y X < Xp
—

f(u) = f(xo0) + a(u — xo), Y u> X

Er-@(FERX)



Y5 7%

PSRN
f:(a,b) — R4 % Vxo € (a,b),Y x € (a,b) \ {xo} :
fe C'(a,b)

f(x) = f(x0) + f'(x0)(x — Xo)

(BT LER)

GER:  Pe— " >")

Er-@(FERX)



I EX 18] L o 2 A I 14

o HIXIiE) LR E AN

X 8] bR %, 0 = AR E R .

Er-@(FERX)



X 8] £ eR B A A 14

o HIXiELMEKHHFM:

AXE EEH =—— FE% < Graph f < Flzk

— RHER

Er-@(FERX)



FFIX 8] E R 2

FrIXiE) ek s

Er-@(FERX)



\ N TSN N
FRE LTS —s, ZHEHER

———— S&BLipschitz, MTTIELL.

Er-@(FERX)



\ L TR e
FXME EOES e, RS AR

— ERELE, NTEL.

Er-@(FERX)



Z[X[8) R

AN 78 J[a, b|EL N — EA R FXE(a,b) EBFRM. J

Er-@(FERX)



RME x0= 200
—f
W) = g e el
= f(x0) + A(b - xo)
EREBEAERE.
X —> b f(x) — f(xo) e M_b_§XO)
X — Xo =

Er-@(FERX)



18R 25 AT 51

f:(a,b) —R &, N

°o AASHIFHEAAR

Vx <y === f(x) <f (x) < f(y) <f(y)

(FA& I —— (8] < AR3L)

Er-@(FERX)



(1) FZF 51 A
() g:=f, = MNAEFH,
gEiESE . g(x) = Jlim g(u)

f(x) = lim f.(u) < £(x) < £(0)

Er-@(FERX)



C' ek 3

fRigf: 1 — REFAISERH, N

fith < > > f(x) = f(x0) + ' (x0)(x — Xo)

VXg € i, Vx eI\ {xp}.

(}EIZ*%IEI\———}/\———}“>”)

Er-@(FERX)



m&%E . Lagrange PEHIRE
. B B Bk
o DIEHIRE

Er-@(FERX)



C'EhERBUEIR

CUER:

(o), f, (x0)] = (F
e € [f2(%0). f{ (x0)] = {f (Xo)l 168
P&F 7%

Er-@(FERX)



R

C2rueR 3

A\
v

f:1— RIXRAEE, N

(1) =120

(2) f=#&h —— fi, Graph (AR EHZE

Er-@(FERX)



Lagrange
(1) f” >0 > s

> BlZERR /—=
() att: RIEZ%, RiggI&LRERSN, THMZE LS,

W= LS H A B2 R REE, HER/MX =M mamaEl
SRR RN SHMEERMEILES.

Er-@(FERX)



LI S AR RIEENA X

BAEE EFREEAALN, THEBE L.

Er-@(FERX)



sl

1Rl [3.5] 17, 18(18), 21, 22, 23.

Er-@(FERX)



BFE (A1), B20)%E

Fr (P ERX)

2023-11-1

Er-@(FERX)



RRREEZRNR

o RIFRY. LERYH ETEASHZIE.

o MEFHJensenPER,

o HZMEYIBELFE VIR

Er-@(FERX)



o MEH: f:1—R, [XEICR.

filh —— fERLFTO

= f((1 —t)x1 + txz) <(1=1t)f(x1) + tf(x2)
¥V x1,x2€l, Vte[0,1]

(Bl&FEmZ £ 7)

Er-@(FERX)



FXIE LRSS EA: PRt

f:(a,b) — R

X1 —l—Xz) _ f0a) + f0e)
2 /7 2

= feC(a,b), f( , ¥ x1,Xx2 € (a,b).

Er-@(FERX)



FF X 18] L R 2 8 55 25 A IERA

RAEE: 3iEE (a1, f(a1)), (az, f(a2))HUEIZh(x). TiHRar < ao.
Axo € (a1, a2):

h(xo) < f(xo).

g::f—heC[a1,ag]

X
—= Xy, X2 € [a1,a2], X1 <Xo<Xe: g(x1)=9g(x2) =0, Al(xx) > 0

BN f(X1 ;-Xg) S h(X1 —;-Xz) _ h(X1)—£h(X2) _ f(X1)—£f(X2)‘

Er-@(FERX)



o [ o S RS

f:(a,b) — R, N

o EASWHIFEM:

VX <y == —oco<f(x)<f(x)<F(y)<Ff(y)<oo

(A& — AR R Z R

o EESWEES RESYAES NEKTS.

Er@(FERX)



BiIFMFMOMERNAER L TSEZIE

EEEE T .
wyy SESERT o

SR T
FEEBBRT o s,

Er-@(FERX)



BiFtNA ESBAE

feC(ab .
f ) D, S e [0, +oo]

Er-@(FERX)



BiFEA ESBRIE LS

WHEM: f /) ——— Im A= 1%) > 0.
x—>xgr X — Xo

Er-@(FERX)



sBiFM A S8 L

7ot Ve, d] c(a,b), BiEf(d) > f(c).

6(x) = ) ~ (e) ~ D=1 g

g(c)=9(d) =0, gfE[c,d|EmKMERX € [c,d)

Er-@(FERX)



WERMRRIT: BARMEIshE

i HZk—E%

Er-@(FERX)



Jensen &K

f:1— R, Xl cR

n n
——— f(Z /1,'X,') < Z /l,'f(X,')
=1 i=1

Vxiel, 420, A4 +---4,=1.

(FAE — " <" BdEx = - = o)

Er-@(FERX)



Jensen & ERR

R i n—1 .
B 1) ) < (1= An) 3 —2—1() + Anf(x0).

{Er- st (REREK)



JUAT-BAR-FFRFIEIAFR

n Xy + -+ Xn
<Y Xn < ————, Vx>0

Er-@(FERX)



JUAT-BAR-FFRFIEIAFR

MERR:  —Inx 7E(0, +-00) =&, FAJensenNER:

BEHAZFRFIA TInx #£(0, +oo) =& M.

Er-@(FERX)



(i

n
fn(X):(Maf‘i""‘f‘/lna;,()%, Ai=1, 4;>0, g>0
i=1
max{a1 P an}> %k{ﬁ’ X = +OO
Aay + -+ Apap, ﬂﬂ*ﬂﬁ*qzi’/], X =1
() =1a" - ap, ALY, x=0

=
(tagt+o 4 dng") L ARIRRESS, x = 1

min{a‘h”' aan}’ %d‘{ﬁ, X = —0

Er-@(FERX)



Er-@(FERX)



Young A" EF 3\

ML < IAEARFL
a,b,p,q>0, p+qg=1=——= aPb9< pa+ gb.

He——a=>b

#filp=q=1 == Vab<

iR REERUAMAE.



o figx > 0.

s<t<0 :(ﬂ1af+---+ﬁnaﬁ)% <(/l1a1t+---+/l,,a,’7)

1 s
4 y=-s, v=-t, u>v>0, b=—, ERXEE R

a;

1 1
U>V>0 > <

(11b¢ +---+Anbg)% (Y + -+ + Anb})

<I=

Er-@(FERX)



o Aigx >1, MBARZEIER x>1=—= f(x)>f(1).

cl=
<I=

u>v>0 === (44} + - +,b5)" > (b} + -+ Anb})

<
x
I

|

aj=b/’, EXHEHR

x|

x>1 == (haf + -+ hap)* > lar + -+ Anan

Er-@(FERX)



WERASE

o THIERR: x>1=—= f(x)>f(1)

> 1=

f(x)>f(1) &= (haf+ -+ Amay)* > a1 + -+ Anay

&= ai+-+ a3y > (har+ -+ dnan)”

g(u) = VRS R, Hbx > 1, u € (0, +0).

R EgiJensen T ER,

Er-@(FERX)



Bellmanf~&=,

fEla,b] E: (X)IERBETHE, (BF, g%,

D= A() D +1(x) (MEHET)

il

Er-@(FERX)



Bellmanf~&=,

o  HME[CIRR R TEME—fR:

Er-@(FERX)



BellmanA~ZF 1 4541

o #EEBEFEM—C'#:

Ri&f € C[a,b], ge C'[a,b]. NI

Er-@(FERX)



BellmanA~ZF 3\ BYERA

KiE%: 3dde(a,b): g(d) #0. Hla, d|FglFTESHIHRKE:

c:=max{x € [a,d] : g(x) =0}

—_— Cc < d, g|(C,d) ;\Qﬁi,ﬁ, g(C) = 0
SO, i)+ AN (I < 1. Vx e (c.d)

= W (x)%E(c.d)BR

—— h(EBRKE(C.d)BR. Sh(c) = oFE.

Er-@(FERX)



o SR ATTIHE

a+ D42
0T 90 " 102

a

dp.a1as2as - - -
Eanoio,)nslj 0.0“'Oan0>O.O“‘Oano+1ano+1“'

no—+1 Mo+1

o R RT A Taylordk 2y

f'(xo)
1l

ECny # 0, Micn, (x — Xo)™| > EIFH & I3 {E < F0.

f(x) = co+c1(x—=Xo)+Ca(x—x0)%+--- = f(x0)+ (x=xo)+-- -

Er-@(FERX)



Bz Sk R R R E

4%
im [0 = (F(x0) + f'(X0) (X ~ Xo)) ' (x0)3
x=x  f(x) —(@a+b(x=X))  (ab)#(f(x0).F(x))
~_—— —
A2k 2%

#WA5>0, Vxe(xo—06,X +0)\{x}), B
[£06) = (f(x0) + ' (x0) (x = %0))| < [f(X) = (a + b(x = X))

HhZk N4k IE S < Bk ANl EE 5

Er-@(FERX)



R

o BhZky = f(x), BHZEE(x — a)? + (y - b)2 = R2.

o HiZ SHhZR[E 732 R (X0, yo) R BHEEHI2M Taylor 2 15K,

Yo=1Hx), y="Ff() ¥ =1"(x)

1 074
o HhE= _ = K

R (1+(%)?)?

Er-@(FERX)



B

o HERREHIE

(Xo = 3)2 a4 (yo - b)2 = R?

(xo—a)+(Yo-b)y;=0

1+ ()2 + (yo-b)yy =0

Er-@(FERX)



B 2R (B oK fi

o HHZE[H

14 (¥5)?
Yo—b=- yﬁ
0
1+ (%)
X0 — = 7 0
Yo
1 74
_ .
R 1+ )22

Rtk fEHa, b, R.



HZER S = X TaylorZINK X &

o f(x)7E(x0, yo)HIBWEEFTE(x — a)® + (y — b)? = R

o I (X0, yo) L THIRER EHFA, Bly, > b.
(FEyo = b, M (x0, yo)EBIVILEE, f(x0) = oF/E)

o ILATHRZRETE (xo, yo)MIERI T2 R

y = b+ R2—(x-a)?

f'(Xo) f” (o)

= f(xo) + 1 (x —xo0) + ol (X—X0)2+0((X—X0)2)

Er-@(FERX)



o HAR[EZHZAFHHEI —Hravigir

Er-@(FERX)



(i

o f(x) = x* TR RALHZEE

f(0)=0, f'(0)=2,

— 10 1 1
ESAR RS X2 4 (y - E)2 — =

o f(x) = x? 7EE A4 Taylor R FF 32 E B B (Taylor R FF HE—14)

Er-@(FERX)



sl

FE20R il [3.5] ol 4, 5, 7.

Er-@(FERX)



BESAL), E21RR

Fr (P ERX)

2023-11-3

Er-@(FERX)



RRREEZRNR

@ L'Hospital;3%M( §6 )

Er-@(FERX)



Stolz EIE

Theorem (2 &IStolzEIE)

Yn Xn A+ lim Yn—Yn-1
n—oo Xp Eﬁ#ﬁe R U {iOO} n—oo Xp — Xp_1

Theorem (3&!StolzE12)

lim Yn Xn¥n =0, Xp 0
n—oo Xp Eﬁ#—'ﬁe RU {iOO} n—oo Xp — Xp—1

Er-@(FERX)



%5 B B HIL Hospital3& N

. . n — Yn-1
||m — _ ||m i
n—oo Xn n—oo Xn — Xﬂ—1

o TEH: THZ—M

o —HI lim x, = lim y, =0
0 n—oo n—oo
oo
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=)

F(X,') - F(X,'_1)
Xj — Xi—1

TR
BT E
It T EIRFAR

(Xi = Xi—1) F(b)-F(a)

—_

Er-@(FERX)



Newton-Leibniz/Z X YRR

IR FEE]a, bELE, #(a,b)TS, F eRlab], M

F(b) - F(a) labln%n

Lo Y (g
i=1

b
llxll—0 f F'(x)dx
a

Er-@(FERX)



sl

F32)% il :

61] 4 7

2] 1 2 8 10

Er-@(FERX)



MFE (A1), B335 IE

Fr (P ERX)

2023-12-1

Er-@(FERX)



RRREEZRNR

o My EEE

Er-@(FERX)



o R {EETE

Pim|
u\

\

Theorem (FR9E—H{EEIE)

b b
[0 _gboax ZEREETRA g [ gxya
a — a

3 ¢ea,b]

IEME

7F1: fEf,g e Cla,b], g > O0MRIET, TP EARN RS € (a,b).

7¥2: R*[a,b] ={f€R[a,b]: f>0).

Er-@(FERX)



Moy EEHEIC:

o FASTIEIRNLIE

o AN R—MFLY:
o MERME:

du(x) = bg(x) ax =1k RN E
I a(t)dt

DR RS DRSS S
o XTHRNERBRDF1:

Er-@(FERX)



o REEIER A

o M EEERITESMN B IE.

Er-@(FERX)



A5 P EE IR HEITC

o MO EEIERFHRERSS:

Er-@(FERX)



A5 P EE IR HEITC

o MAHEEENTg > Ofi—— 3T g > 0L

b
[7 00600 + Do 2222 12 [ (g0 + Ly

NF&E, — Lo € [a,b], TELERFBEn — BT,

Er-@(FERX)



MEEE—Ho P EEE

fb f(X)d,Ll(X) € [fmin, fmax] = f[a’b]

3 fe[a,b]

b
2 = f () da(x).

Er-@(FERX)



WP EEE—H N hEEIE

o {Ri%f,g € Cla,b],g>0.

f

Er-@(FERX)



o REE IR R

o MRS P EEIRIERAFR S HEEE:

feCla,b] AIfRZLL fe R[a,b],fg,gBIREH.

Er-@(FERX)



Mo P EEE=-ZHFN

° BNFE

o HHBANERHK:
F(X)=faxfgfabg—f:fgf:g-

e 7Ef,g € Cla,b], g > OMIBIE T, ATEBLH{EAN L € (a,b).

Er-@(FERX)



WMo P EEE-ROFEEE-ZIFN

o Wy EREE:

F € Cla, b]
F'fE(a,b) 71

A/ €(a,b)

F(£)(b - a)

o st NLAR 200 .
)
f () dx f € R[a, ] EBIREH .

(£)(b-a)

o M ehiaig B TEERE 4yt

’

((b _a) fa f(t)dt  (x — a) fab f(t)dt) ~o.

Er-@(FERX)



RMoE_HEEE

[ N i L [ et

NI fREARIERT —— e
WE iicab] A RS IR

MoPEEEENEILA.

Er-@(FERX)



78 P EE RS EARA

Theorem (Abel3 |3E)

e >0, \, UueR, Yk=0,1,---,n

k

e Z & UKE € min Zu,, max
N ~—— |0<k<n 0<k<nl__o

il BAME =0

\

RohEEERESELR

Er-@(FERX)



S ERMETUATT T
€n+1 =0, S_1 =0 ;<Z:()(ek+1 Ek) k

n—1

UERR: A = €nSn —€S_1 + Z(Ek = €k+1)8k
k=0

\

n
= €+1Sn—€S_1 + Z(Ek - e+1)Sk = Al
k=0

Er-@(FERX)



Abel5 [3ERYIERA

k=0

n n
UERA: Z ety =SSt Z ek (Sk — Sk-1)
k=0

n

NS
57 nﬁ;kﬂ:u Z(Ek — €kt )Sk
k=0

€ Eo[m, M]

Er-@(FERX)



M P {EEEAUERR(1)

Vrm:a=Xo<X4<--<Xp=Db, VY e€[xi1,X]

M= sup f(x), m; = inf f(x)

X€E[Xi—1,Xi] X€[Xi1,Xi]

Er-@(FERX)



5L P {EEIEAIERR(2)

[ll|—0

TREERH




58 — P {EEIEAIIERA(3)

b
faf(x)g(x)dx ||7ri|—>0 f(Xi—1 f g(x)dx

Abelé;lEE f(a [mm f g(x)dx, max fcg(x)dx

cela,b] cela,b] Ja

Er-@(FERX)



Moy _P{EEEN S —IEPA

o M E_HPEEEN KRBT Abel5 | IRAVIERR. FEMIBEHM:

feC'la,b], geCla,b], f>0>,

[ CHgd  —— [ CH)dG().  Glx) = [

b
AERD )6 (b) - f G’

BARE  5)G(b) + (f(a) - 1(b))G(2)

€ f(a) [min G, max G]
[a.b] [a.b]

- — e
MEEIR f(a)f G

Er-@(FERX)



58 P {EE IR R B AR

b b
[ 100 aor Loch@bl -y, fg a(x)al

NI fERIEIEEfA y
T B A{E
W dgelab]  BAE L e

Er-@(FERX)



#5758 — REE IR PRGN AR AR (42

o EFA[EIf \..
e IEjR2:
b b
f f(x)g(x)dx —————— f f(lb+a-t)g(b+a-t)dt
F=fbtax) fb F(x)G(x)dx
G(x):=g(b+a-x)
B ) ("o

f(b) L g(x)dx

Er-@(FERX)



M P EEERRIERA

j;bf(x)g(x)d fgf;u[? 1J fg Yax+f(b fg
A € [a, b]

Er-@(FERX)



58— EEIRR R IERR AL

I BN,

Er-@(FERX)



BN R I AY Taylor B I (4 F Th %)

BRig ()% [a, b] L7, () € R[a, b], M

f(x) =—— Ta(x;x0) + f XWf(”“)(t)dt
7 (n)
Tn(x; X0) = f(X0) + f(ﬁo)(x—xo) NI J n(!Xo)(X x0)"

Er-@(FERX)



AR5 &R Y Taylor & FF(45)

o &f: f(tV¥E[a, b| L7 H, f("t1) € R[a, b].

FER AR AR, FIHB NN R AL,

Er-@(FERX)



AR 0 R A Taylor & FFERA

%(f(x) ~Ta(x; t)) — —f<"+‘>(t)% € R[a, b]

N-LAT L .
:L\K> I AT A Taylor AR AL AL

Er-@(FERX)



ENER=

(x — xo)™*!

W L R A Taylor B FF:

(x = x0)"™" ETF xRS fx (x—1)"
(n+1)! Bl XX KT I

Er-@(FERX)



X
=]
—

x
~

X _\n
f =" fr 0 (t)at
Xo

n!

-y [ an

n! Xo

(1) (x0 + 6(x - x0))
(n+1)!

n+1n+‘I

(1 _ 0)n+1—p

(x = xo)

p=n+1, LagrangeRIl

Er-@(FERX)



sl

33Kl :

62 3 5 9

63 2 3 5

Er-@(FERX)



BES(AT), E34RIR

Fr (P ERX)

2023-12-4

Er-@(FERX)



RRREEZRNR

o WIRNEREE

Er-@(FERX)



a

Cla, b] C'[a,b]/R

ax

e feCla,b] == F(x) :fxfe C'[a, b]

a

F =t
@ FeC'la,b] === F’' € CJa,b]

X
f F(t)dt D=L F(x) - F(a).
a



FTIRILRIHES

[

R|[a, b]
JEER 5T, AL

Cla, b]

Er-@(FERX)



§3 IR E A EIE

feR[ab] — f f(t)dt € Cla, b]

( fa : f(t)dt)/ 22 f(x)

FSEMIESE S RKIL.

Er-@(FERX)



X+AX
f f(t)dt
X

< M|Ax| — 0.

Er-@(FERX)



WERASE

o AHM:

TEFRELL R x4
Ve 36 >0, Hix — x| <8, X, X € [a, b]AT, |f(x) — f(x0)| < €.

F(x) - F(x)
X — Xo

- f(Xo) <€

= [ - oot

X — Xo Xo

Er-@(FERX)



LebesguefA 3 E X TRIMIR P E K EIE

L'[a, b]/ ~ AC|a, b]/R

ax

Er-@(FERX)



Riemannfl 7= X THIHFR o & K E 8

R[a,b]/ ~ R'[a, b]/R

ax

R'[a, b]

X
Range f
a

{f € Cla,b] : A g € R[a,b], f(x) = f(a) + j;x g}

Er-@(FERX)



X
° feR[a,b]:=>ffeR‘[a,b]
a

[ ==

Er-@(FERX)



@ FeR'[a,b] === 3geR[a,b], F(x)= F(a)+fxg

L'la,b] > F 2= g e R[a, b].

X Lebegue
F’(t)dt F(x) — F(a).
fa & MRS EREE S

Er-@(FERX)



o ¥fFa.e.HEXHKIEE:

FoiEffERiemann A #2114, R BEHEE Lebesgue AT A 1.

a.e.

feRla,b], f g - g € Rla, b]

feR[a,b], f=2=g9g = gel'lab]

Er-@(FERX)



f v 2 tb)-ta)

SfCantoreR 3 “ < " B AL.

Er-@(FERX)



Newton-LeibnizZA T\

SobolevZs|g]

W"'[a,b] := {F € Cla,b] : F'¥E(a.b)?# %, F' € Rla,b]}

Er-@(FERX)



Newton-Leibniz/A T\ 25

X 1,1
f S L PN
a

Er-@(FERX)



RI&F € R'[a, b]:

fx F(t)dt <2 LEL £y _ F(a)

d% fa ’ F(t)dt Z== F(x)

Er-@(FERX)



X
f sgn(t - #)dt € R'[a,b] \ W"'[a, b].
a

FiLebeguefA /7 FE it 4h H VMR T B A EREAEE=R"[a, b]

FRiemannFA 2 ERIL L4 VR S B A EREAEE=W""[a, b]

Er-@(FERX)



EARRRHAIFESL R

sin1 x#0
R[0,1]\ C[0,1] > f(x) =

Er-@(FERX)



EARRRHAIFESL R

.
sin 5 x+0

X 1 X 1
F(x) = fsin—dt: lim f t2d cos —
0 t e—0T Je t

5 1 X 1
= X°CcosS-— — 2tcos — dt
X 0 t

EERE
V=] -
Fo ZEER () F(0)= im ) _ FO _ o _ 0.

Er-@(FERX)



Riemann R 2 &8 2 F0 B B [ sR & A R B AN [E]

f € R[a, b] ®»  (BEEH

o TEEAEN S K (Darboux) : X[-1.1]\(0}

°o K& . (x2 sin %),

x2 sin X1—2 x#0
F(x) =
0, x=0
- 1 1 1
F'(0) = |irT2) ( )XF(O) =0, F'(x) X#0 5y sin F—Z;cos;.
X—

Er-@(FERX)



o Ri%

u:l— [a,b]AIS
v:Il— [a,b]AI &

f(,.x) € Cla,b], Vxel
f(t,-) e C'(I), Vtela,b]

u(x) !
( f f(t, x)dt]
v(x)
u(x)

—  f(u(x), x)u’(x) — f(v(x), x)v'(x) + j\:(x) fr(t, x)dt.

Er-@(FERX)



Rapgv(x) = a.

u
% gluw)= f f(t, w)dt
a

u=u(x),w=w(x)

= g/ u/ + g/ W/.
sEsEN "

d
ag(u’ w)

u
g, = f(u, w), g’W:f 7 (t, w)dt
a

Er-@(FERX)



TaylorR A ZEFR 7RI

X _#\n X X1 Xn
f (x-1) f(n+1)(t)dt _ f f . f f(”'H)(t)dthn - dXq.
Xo n' Xo v Xo X0

Er-@(FERX)



Taylor R Z EFR 5 & In
ERENTF(ETFoRD)

(X XO) f(n+1)

n 1)
+1) "dX1.
n! v

EXFNT
(x = fo)n JEE b fx fX1"‘ fo .

o XEEFENX: ni#ehn-1, BN =

o REN mASIN - 1 RSTR.



Taylor R Z EFR 5 & In

1F§iﬁf(n+1)7£[a,b]tﬁ7£, f(n+1) ¢ Rla, b], M|

f(x) —— Tn(x;x0)+fxu

Xo n'

X X4 Xn
———— Tn(x;xO)+f f f () () dltdxy - - - dxy.
Xo X0 X0

fr () at

Er-@(FERX)



Cauchy &=

f.g € R[a, b] =——= [(f. g)| < IIfl llg]l. J

Er-@(FERX)



R | Ixl= /2, P
Il = [ 1F(x)ex

R[a, b]

Er-@(FERX)



Cauchy N\ 4L

b
. g) = f f(etydt,  IfIR = (. 1)

s || b < a2 Y b2

Er-@(FERX)



b
0 < f(f+/lg)2
a

b b b
= AZI gz+2/1f fg+ff2
a a a
b b b
a= ([ [ 6 <o
a a a

FAMI Y BN gEEEHET.

Er-@(FERX)



e (R[a,b], II-) AEJLFRLHEEREE

o (R[a,b], |- ) @M3ELk =18, IEFER.

@ R[a,b]5E& = L?[a, b]

Er-@(FERX)



BN R I AY Taylor B I (4 F Th %)

BRig ()% [a, b] L7, () € R[a, b], M

f(x) =—— Ta(x;x0) + f XWf(”“)(t)dt
7 (n)
Tn(x; X0) = f(X0) + f(ﬁo)(x—xo) NI J n(!Xo)(X x0)"

Er-@(FERX)



X
=]
—

x
~

X _\n
f =" fr 0 (t)at
Xo

n!

-y [ an

n! Xo

(1) (x0 + 6(x - x0))
(n+1)!

nqn+1

(1 _ 9)n+1—p

(x—x))

p=n+1, LagrangeiRIl

Er-@(FERX)



sl

3% 0l

631 4 6 7 |34

Er-@(FERX)



MZE (A1), B355%F

Fr (P ERX)

2023-12-6

Er-@(FERX)



RRREEZRNR

o MEPMRIT AKX (84)

o MK (§84)

Er-@(FERX)



b . b
f fdg fgeCllabl (fg)|Z - f gdf
a a

Er-@(FERX)



o F: MTAERD SH MBI R HEKEL.

o FHAIRIEA:

o FIESERUMERFE.

o RS S H IR B ZEKRiemanna] 7.

Er-@(FERX)



[[toyoan LEEA (400

Er-@(FERX)



f(nt1) g(n+)7E[a, b]727E B Riemann®a] #2. M

f i f(x)g" " (x)dx

b

a

— )9 (x) = F (g ) + -+ (=)D (x)g(x))

(1) f ? {0 () g(x) .

Er-@(FERX)



R

o FHEEFE —RLI—1 RS

o IAFAMBE—M=HWIRRHHHP—IFHE—X, H—IFE.

o IBFIIE ZI=F—IHEIE:

Hh—IRSHBEE—R, B—RSHA K

—EdEFE TR RIS KR RE; KA.

Er-@(FERX)



o BMAHMIAXNBIEZERHIM H=n.
9 = -1, & = Off.
° NEMMS5HIFIXH:

X —= M

Er-@(FERX)



o E%E1:

F(x) := f()g™(x) = £ ()" (x) + - + (=1)"1" (x)g(x)
—  F()=fx)g"V(x) + (-1)""D(x)g(x)

b

(X)|a'

Er-@(FERX)



WERASE

o IE%2: ERALNRERER.

fa f(x) g™ (x)dx = f (x)dg™(x
—_ [ g (x ] —f g\ (x)f (x)dx

=
—
X
N
Q/ﬂ
&
—~~
>
—
I
o
—
—
X
Iy
Qﬁ
3
I,
—~
X
N

="
—
>
N
Qﬁ
S
—~~
x
N
-
—
>
N—r
Q/—\
=)
A,
—~
>
)
+
(QA
=)
A,
—~
>
N—r
=3
—~
>
3
3

Er-@(FERX)



%y : [, B] — [a, b] PR EFENET, ¢ € C'[a,f], f € Cla, b]

-_—:f dx_f o(1))¢ (1)t

Er-@(FERX)



Er-@(FERX)



AN AR (EERIBAR)

fRi%&f € Cla, b], ¢'#E[a,B] TEAER AT A

o YRR RMAUFR: ¢la)=a, ¢(B) =

o pimEBAFM: ¢la.p] = [a,b].

FFele.p] c [a.b])

:>f dx_f ()¢ (1)t

R a bREANER, o FREKNER



(Fou)(t) f(6(t))¢'(t) € Rla, b]
_— bf(x)dx S F(x)|Z Fle(t)f,
B
N-L f (Fle(t)))
B
—— [ ey

Er-@(FERX)



iy « [0.8] — [a,b] PEHEIBT, ¢ € C'lof], TEL

o feR[a,b], fogeR|apg.

b B
. f T = f fle(t))¢'(t)ct.

Er-@(FERX)



T oa=lh<h<--<th=p o(tc) = X«

M. a=Xg<Xy<:---<Xxp=Db

0 € (ti-1, t;)

Ax;i = xi — Xi—1 = ¢(t;) — ¢(ti—1) ¢ (0) At

&= (0) € (i1, %) (pM=H&EI)




€ C'la,
PR Ao T R
2 fENBx; = > (0’ (6) At
i=1 i=1

b el
. f Fx)cx = f e (t))g (1)l

Er-@(FERX)



RiE: = p.q € N.

Qo

EE[0, x| LAY E:

KT HORIFR, IEf, 2nR BN, HimR &M S AR

_ 1 n n
=X (p-ax)

Er-@(FERX)



Z T EfFourier&#

n_2n

0<f f(x) sin xdx < ne(0,1), n>1.
0

d . S ERFR & A=t oy A
f(x) sin xdx =——= ER R MR &M SR HIZ-KHHE
0

Er-@(FERX)



(i

Er-@(FERX)



fRE
ERig Al

— T (r—t)sin®t T sin®t
j A=t E—l——m—nf-————m—/
o 1+cos?t o 1+cos?t
T sindt
| = ff-—L——m
2 Jo 1+cos?t
n (" 1-cos?t
= - | ———d(-cost
2]; 1+ cos?t ( )
7T2 T 7T2
= ——(2arctan(cost) —cost) = — —
S (cost) N, =%~




o KHIEBTERD LI

o EMNHERLFEMAERS

fabf:ff

o BN ERBEAERDHTESZ, IO HRS XM
‘AN, BRFARERS.

b
o

Er-@(FERX)



(i

f#£[a, b] B 1 N

60 = f " (t)dtE]a, b] 2 VN

Er-@(FERX)



L’ Hospital

. L’Hospital

f
lim g(x) (a)
jim 9 = 9()
X—a X—a
[ - (@)t
J'LT},, X —a)?
im ()= fla) _ f'(a)
x—a 2(x—a) 2

Er-@(FERX)



JERALE

) ——— - [ fe

X—a

RO EEE 1

(efax  Xx—4

WATEEE  x-&
ne€ (& x) i

Er-@(FERX)



(i

bl —— glx) = fxf(t)dt?f[a,b]lﬂl

_X_

Er-@(FERX)



g(x) L fa ’ f(t)dt

X—a

t=(1-s)a+ sx
dt = (x—a)ds

f1 f((1 —s)a + sx)ds
0

ffE[a,b]h === fe C(a,b), BAR =——= fe RJa,b]

Er-@(FERX)



WERASE

RigE  x1 <x<xs, my

sds

9(x3) —g(xe) f1 f((1 - s)a+ sx3) — f((1 - s)a + sx2)
x3—-x2  Jo ((1-s)a+sxs)—((1-5s)a+sx)

g(xe) —g(x1) f1 f((1-s)a+sxe) —f((1 —s)a+ sx)
x2—x1  Jo ((1-8)a+sx2)-((1-s)a+sx)

% g(Xs) — g(Xg) _ g(Xg) - g(X1) >0
M= FIAE X3 — X2 X2 = X4

Er-@(FERX)



(i

f € Cla, b]7E[a, b] £ IFLE N

b b
—_— f xf(x)dx > 2 Z o f f(x)dx
a a

Er-@(FERX)



fER I AN

A 122 50, Vxe[ab]

f € Cla, b] fb(x_aJr V() dx >f(a+b)f(x—a+b)dx:0

Er-@(FERX)



RoE_HE

f(a)é(x

(@) (6

a+b

x—£§£ﬁ“+fW{L%X— 5 )alx

a+b
2

)2

£ 1 a+b b
+(b)50x - )L

a

2)(¢ - b) + f(b) 5 (€ - a)(b - )

S~ a)(b - £)(1(b) - (@) > 0

Er-@(FERX)



sl

SE35IR il

[6.4] 118 6 7 8 9.

Er-@(FERX)



BZE (A1), B36)KIE

Fr (P ERX)

2023-12-8

Er-@(FERX)



WAR 7 (8] &

o AAISHINLEE?

o 3. M. AERD. ERDHIXRWMM?

o AR SHMRPZ—MEFEEEAREMRTEREE?
o AR HZIRREIZAR?

o AMEHRI RIHIRRIT MRS TUE?

o AARMIREEFZZE, BIR—HBIARTIE?

o MRS —ITESE?

o MANF IR SHIMI LR ?



WA 7 4L

o M5 BRATE T XEH:

X

a

Cla, b] C'[a,b]/R

ax

o RPRIFILHY BFSEEIR T S EFFA IR IR LY.

FHMA 7B TRRIEX T R —AR

FRBR = = T o M B0 49 = S8



o AMFHULERE?

LR

Xz

[

HSMREUE

TUREMATUNEREEER, HRAYRITLER.

Er-@(FERX)



o 3. W AEMS. EROHIXFINM?
o BH. Wy AERD. ER7ER—FYHNARMNE.

o SFHRTIUER,

o MARSHMFNEL BREAZENER, BRIRH
ZERS,

o TERMAEFHNF—HE, EFHHE, RFEENREH.

o PEMNARLEE LRI, BEEHEL LIRFAY, 2R
R

Er-@(FERX)



o SHMISHIERARMTA?

o ARTZEMMRTWALEPHNEMAB I

R, S, R

o HENNFEFESZHHIMAIAE.

o RHEMRNEENR, SHNR T EMRRBHNEETSR

Er-@(FERX)



o AR SHMRSTR—NEFEEREMIRSEAEE"?

o KRS, BRAEEEY, XR2FTHAREAR.
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ffE[a, b] AAIS (HFSFHTTRESS)
as<Xxg<X<---<xp<b

f(” L

g

i=1

Jre(ab L
:e(a:)> f(x) = Z X, I,
i=1

NFERERROR R EFPEEE

Er-@(FERX)



n n I1 (X - Xk)
f(x) = D" fa)h(x) = (fe) = Y foxi(e) ) 5 ——
i=1 i=1 ]:[ (c = Xk)

o MIRIFE——FHEECIEH
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n = 1fLagrangetfi B Z M A R IH 1T = X TELWPEETE
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MR F M 5 & FLagrange FEEIE

700 = O 1) et

AT TIIHRARMR
) ="M a4 ia)
e
i H)2 7572

ZHERBT ERFERILRA
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feCo(R), IfM(x) <M, f(%) —0,YneN

— =0
IERR: fARBENES, LOARS, f(0) =0.
EHHIANELESERHN—NES.
E f(0) = f(0) = --- = f(N(0) =--- = 0.

Taylor@FF K (6x) ,
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pEH
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- < 1+—+—=+-) (nNEHSHE)
, 2
,721” 11:1[ ki P
e
- 1
=117 g
32
< o7
( 1 <142x<e® Vxe[01])
1-x D '2
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N5 KN A Taylor B FF

X _ #\n X _ #\n
l, = ff(n+1)(t)udt:f %df(”)(t)
Xo Xo :

i
. _wfw(xo):...

= - 2222 (x) ---—(X_nf‘)) ") (x0)

= (X) = f(x0) - 222 (x0) =+ (X_nf") ") (x0)
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